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31. Introduction
Let Z be the ring of rational integers and let ZF be the ring of integers in an algebraic
number field F with extension degree n over the rationals Q. One says that ZF has a
power integral basis θ of ZF when ZF is generated by an integer θ as Z-free module,
i.e., ZF = Z[1, θ, · · · , θn−1] and in this case F is also called monogenic.
Hasse’s problem of characterizing whether ZF is of monogenesis or not has been
treated by Dummit and Kisilevsky [DK], Gaa´l [Ga2], Gras [Gr1, Gr2], Huard, Spear-
man and Williams [HSW], Leopoldt [Le], Schertz [Sc], The´rond [Th], Washington [Wa]
and others. Gaa´l, Petho˝, Pohst, Gyo˝ry and Olajos gave algorithms for determining
the power bases of the rings of algebraic integers of certain algebraic number fields
and provided several monogenic examples [Ga1, GPP, Gy2, Ol]. Petho˝ and Kova´c
gave connections between power integral bases and radix representations in algebraic
number fields [Ko, KP, Pe]. By calculating the discriminant of an integer of ZF ,
Nakahara, Shah and Motoda determined whether ZF is monogenic or not for some
cyclotomic fields [M2, M3, MN1, MNS, Nak1, Nak2, Nak3, Nak4, Nak5, SN, Sh] and
Robertson, Nakahara, Shah and Motoda exhibited the integral power bases for some
cyclotomic fields [M3, MN1, MN2, MNS, Ro1, Ro2].
Narkiewich [Nar; p. 540] introduces the works of Uchida [Uc] and Gyo˝ry [Gy1]
in the unsolved problem 6, i.e., “Find a good necessary and sufficient condition for
a field to have index 1”. Moreover concerning the form which gives the value |d(ξ)|
in the proof of Theorem 3.1 in Chapter 3, Kubota proposes to study once again a
non-essential discriminant (der außerwesentliche Diskriminantenteiler) of an algebraic
number field in the prospect of the near future of number theory [Ku, p. 228; Ok,
Z˙y].
A survey of researches related to integral power bases is given by Gyo˝ry [Gy2].
In Chapter 2, Let K be a biquadratic field over the rationals Q, ZK be the ring of
integers of K and k be a quadratic subfield of K. We give following results;
(i) an integral basis of ZK and the discriminant DK ,
4(ii) the relative discriminant DK/k,
(iii) the norm residues of K/k for modulo pr, where p is a prime ideal of k which
devides 2 and pr is a p-component of DK/k.
In Chapter 3, Let K be the composite field of imaginary quadratic field Q(ω) of
conductor d and a real abelian field L of conductor f distinct from the rationals Q,
where, (d, f) = 1. In this chapter, we construct new families of infinitely many fields
K with the non-monogenic phenomena (1), (2) which supplement [Gr1, Gr2] and with
monogenic (3).
(1) If Q(ω) 6= the Gaußfield Q(i), then ZK is of non-monogenesis.
(2) If Q(ω) = Q(i), then for a sextic field K, ZK is of non-monogenesis except for
two fields of conductors 28 and 36.
(3) Let Q(ω) = Q(i). If ZK has a power basis, then ZL must have a power basis.
Conversely, let L be the maximal real subfield k+f of a cyclic field kf , namely K be
the maximal imaginary subfield of k4f of conductor 4f . Then ZK has a power basis.
In Chapter 4, we treat abelian number fields whose Galois groups are 2-elementary.
A necessary and sufficient condition for monogenesis of biquadratic fields was given by
M.-N. Gras and F. Tanoe´ [GT, Tan] and a new family of infinitely many monogenic
biquadratic fields was constructed by the first author [M2, M3]. Assume F to be
an abelian field whose Galois group is 2-elementary. If [F : Q] ≥ 16, then F is
non-monogenic, i.e., ZF has no power integral basis by virtue of the decomposition
theory of a prime number (see Lemma 4.1). In the case of [F : Q] = 8, by the same
lemma, it is enough to investigate the field F = Q
(√
mn,
√
dn,
√
`
)
, where dmn
and ` are square-free, d > 0, d ≡ 2, mn ≡ 3, ` ≡ 1 (mod 4). In this chapter, we
assume (dmn, `) = 1. Then we will claim that any real 2-elementary abelian field
has no power integral basis and our main theorem will state that the complex one has
a power integral basis only if F = Q(
√−1,√−2,√−3) = Q(ζ24), where, ζ24 is the
24-th root of unity.
52. On Biquadratic Fields
2.1. Introduction. Let K be a biquadratic field Q(
√
dm,
√
dn), where d, m, n are
rational integers with d > 0, and dmn is square-free. Let ZK be the ring of integers
of K and let k = Q(
√
dn).
G. Fujisaki[F], M.-N. Gras and F. Tanoe´[GT], K. S. Williams[Wi] gave an integral
basis of a biquadratic field. Also the author gave it independently. In section 2.2 we
calculate it in Theorem 2.1 by using Hasse’s conductor-discriminant formula[Wa].
In Theorem 2.2 we give a table of the relative discriminant DK/k by using above
formula and the chain theorem.
In sectin 2.3, we determine in Theorm 2.3 the norm residues of K/k for modulo
p-component pr of DK/k, where p is a prime ideal of k which devides 2.
2.2 An integral basis of K and a table of DK/k.
Lemma 2.1 (Hasse’s conductor-discriminant formula[Wa]). Let K be the number
field associated to the group X of Dirichlet characters. Then the discriminant of K
is given by
d(K) = (−1)r2
∏
χ∈X
fχ,
where, fχ denotes the conductor of χ.
Lemma 2.2 (Chain Theorem). Let k be a subfield of an algebraic number field K
and let DK , Dk, and DK/k be the discriminants of K, k and the relative dicriminant
of K over k, respectively. Then we have ;
DK = Dk
[K:k]Nk(DK/k),
where, the symbol Nk(·) denotes the norm of k over Q.
6Theorem 2.1 ([F, GT, Wi]). Let K be a biquadratic field Q
(√
dm,
√
dn
)
, where
dmn is square-free. Then an integral basis of ZK and the discriminant DK of K
are given by the followings;
(1) in the case dm ≡ dn ≡ 1 (mod 4);
ZK = Z
[
1,
1 +
√
mn
2
,
1 +
√
dn
2
,
e +
√
mn +
√
dm +
√
dn
4
]
,
DK = d
2m2n2, where e = ±1 such that d ≡ m ≡ n ≡ e (mod 4),
(2) in the cases dm ≡ dn ≡ 3 (mod 4) and (3.1) dm ≡ dn ≡ 2, mn ≡ 1 (mod 4);
ZK = Z
[
1,
1 +
√
mn
2
,
√
dn,
√
dm +
√
dn
2
]
, DK = 2
4d2m2n2,
(3.2) in the case dm ≡ dn ≡ 2, mn ≡ 3 (mod 4);
ZK = Z
[
1,
√
mn,
√
dn,
√
dm +
√
dn
2
]
, DK = 2
6d2m2n2.
Proof. By Hasse’s conductor-discriminant formula, we have DK = Dk1Dk2Dk3,
where, k1 = Q(
√
mn), k2 = Q(
√
dn), k3 = Q(
√
dm). First we consider the case (1).
Since Dk1 = mn, Dk2 = dn, Dk3 = dm, we have DK = mn · dn · dm = d2m2n2. Let G
be the Galois group of K defined by
〈
σ, τ ;
√
dn
σ
= −√dn, √dm τ = −√dm
〉
. For
αi ∈ ZK , i = 1, 2, 3, 4, we define ∆[α1, α2, α3, α4] by the matrix∣∣∣∣∣∣∣∣
α1 α2 α3 α4
ασ1 α
σ
2 α
σ
3 α
σ
4
ατ1 α
τ
2 α
τ
3 α
τ
4
αστ1 α
στ
2 α
στ
3 α
στ
4
∣∣∣∣∣∣∣∣
.
If ∆2[α1, α2, α3, α4] = ±DK , then we have ZK = Z[α1, α2, α3, α4]. Now since
1 +
√
dm
2
× 1 +
√
dn
2
=
d− e
4
√
mn− 1− e
2
· −1 +
√
mn
2
+
e +
√
mn +
√
dm +
√
dn
4
,
we have
e + 1
√
mn +
√
dm +
√
dn
4
∈ ZK . Then
∆2
[
1, 1+
√
mn
2
, 1+
√
dn
2
, e+
√
mn+
√
dm+
√
dn
4
]
= 2−8∆2[1,
√
mn,
√
dm,
√
dn]
= 2−8
∣∣∣∣∣∣∣∣
1
√
mn
√
dm
√
dn
1
√
mn
σ √
dm
σ √
dn
σ
1
√
mn
τ √
dm
τ √
dn
τ
1
√
mn
στ √
dm
στ √
dn
στ
∣∣∣∣∣∣∣∣
2
= 2−8
∣∣∣∣∣∣∣∣
1
√
mn
√
dm
√
dn
1 −√mn √dm −√dn
1 −√mn −√dm √dn
1
√
mn −√dm −√dn
∣∣∣∣∣∣∣∣
2
7= 2−8d2m2n2
∣∣∣∣∣∣∣∣
1 1 1 1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1
∣∣∣∣∣∣∣∣
2
= d2m2n2.
Therefore we have
ZK = Z
[
1,
1 +
√
mn
2
,
1 +
√
dn
2
,
e +
√
mn +
√
dm +
√
dn
4
]
.
Similarly, we can obtain the discriminants and integral bases in the cases (2), (3,1)
and (3,2).
From conductor-discriminant formula, we see that the relative discriminant DK/k
is equal to the conductor fK/k of K over k. DK/k is determined by using Theorem 2.1
and chain theorem.
Theorem 2.2. Let K be a biquadratic field Q(
√
dn,
√
dm), where d, m, n are rational
integers with d > 0, and dmn is square-free and put k = k1 = Q(
√
dn), k2 =
Q(
√
dm). Let DK/ki, i = 1, 2 have the prime power decompositions ±2si
∏
p
∏
qi, i =
1, 2 with p, q are odd primes and
∏
p | d, ∏ q1 | n, ∏ q2 | m. Then we have the
following table of DK/k = fK/k;
0 2 3
0
∏
q2
∏
q2
∏
q2
2 4
∏
q2
∏
q2 2
∏
q2
3 8
∏
q2 4
∏
q2
∏
q2 if
∏
q1
∏
q2 ≡ 1 (mod 4)
2
∏
q2 if
∏
q1
∏
q2 ≡ 3 (mod 4)
Table of DK/k = fK/k
Here, the numbers of first raw and first column denote s1 and s2, respectively.
Remark 2.1. Halter-Koch([HK], Satz 2) has given a genus field of a ring class-field
over k by showing that it can be denoted by a product of biquadratic fields over k
and using essentially the above table.
Remark 2.2 ([GT]). A biquadratic field K = Q
(√
dm,
√
dn
)
is said to be given
by the canonical form if the following three conditions are satisfied;
8(1) d, m, n are relatively prime to each other and square-free rational integers,
(2) dm ≡ dn (mod 4), d > 0 and m > n,
(3) if dm ≡ dn ≡ 1 (mod 4), then d < n.
Any biquadratic field K is uniquely presented by the canonical form. In Theorem
2.1, we may assume that K is given by the canonical form. While in Theorem 2.2,
we can not use the canonical form, because k is any one of three quadratic subfields
of K.
2.3. The norm residues of K/k for modulo pr. Let p is a prime ideal of k which
devides 2. In this section we assume that p ramifies in K. In the following theorem we
determine the norm residues of K/k for modulo p-component pr of D(K/k). Here r can
be seen by the above table. According to the common use, for simplicity we denote the
groups {α ∈ k ; (α, p) = 1} and {ν ∈ k ; ν ≡ NK/k(Γ) (mod pr), Γ ∈ K, (ν, p) = 1}
by α and ν, respectively[Tak]. ν is said to be the norm residue for modulo pr. From
the class-field theory, we have (α : ν) = 2[Tak].
Definition. A finite abelian group A is written by a direct product A1×A2×· · ·×Ar
with e1|e2| · · · |er, where, ej denotes the order of group Aj (1 ≤ j ≤ r). Then the system
(e1, e2, · · · , er) is uniquely determined. It is said that the group A has the invariant
system (e1, e2, · · · , er) or simply that A is of type (e1, e2, · · · , er).
Theorem 2.3. Let k be the quadratic subfield Q(
√
dn) of K and assume a prime ideal
p of k which dvides 2 ramifies in K/k, we obtain prime residues and norm residues
modulo pr as followings, herein K is not given by canonical form and we put
c =
dn− 1
4
and ω =
1 +
√
dn
2
;
(1) if dn ≡ 1, dm ≡ 3 (mod 4), then
D(K/k) = 4m, 2 = p, r = 2, ϕk(p
2) = 12,
(i) if c ≡ 1 (mod 4), then
α =
〈
1 + 2ω, 3 + 3ω (mod p2)
〉
,
9where, (1 + 2ω)2 ≡ (3 + 3ω)6 ≡ 1 (mod p2) of type (2, 6),
ν =
〈
3 + 3ω (mod )p2
〉
,
(ii) If c ≡ 3 (mod 4), then
α =
〈−1, −ω (mod p2)〉 ,
where, (−1)2 ≡ (−ω)6 ≡ 1 (mod p2) of type (2, 6),
ν =
〈−ω (mod )p2〉 ,
(2) if dn ≡ 1 mod 8, dm ≡ 2 (mod 4), then
DK/k = 4m, 2 = pp
′, p = (2, ω), r = 3, ϕk(p3) = 4,
α =
〈
3, 7 (mod p3)
〉
,
where, 32 ≡ 72 ≡ 1 (mod p3) and
ν =
〈
1−mn (mod p3)〉 .
We can obtain the same results for p′ =
(
2,
1−√dn
2
)
,
(2)′ if dn ≡ 5 (mod 8), dm ≡ 2 (mod 4), then
D(K/k) = 4m, 2 = p, r = 3, ϕk(p
3) = 48,
α =
〈−3, 1 + 4ω, c− dm + ω (mod p3)〉 ,
(−3)2 ≡ (1 + 4ω)2 ≡ (c− dm + ω)12 ≡ 1 (mod p3) of type (2, 2, 12),
ν =
〈−3, c− dm + ω (mod p3)〉 ,
(3) if dn ≡ 3, dm ≡ 2 (mod 4), then we have
D(K/k) = 2m, 2 = p2, p = (2, 1 +
√
dn), r = 4, ϕk(p
4) = 8,
α =
〈
1 + 2
√
dn,
√
dn (mod p4)
〉
(1 + 2
√
dn)2 ≡ √dn4 ≡ 1 (mod p4) of type (2, 4),
ν =
〈√
dn (mod p4)
〉
,
(3)′ if dn ≡ 2, dm ≡ 3 (mod 4), then we have
D(K/k) = 2m, 2 = p2, p = (2,
√
dn), r = 2, ϕk(p
2) = 2,
10
α =
〈
1 +
√
dn (mod p2)
〉
,
where, (1 +
√
dn)2 ≡ 1 (mod p2).
ν =< 1 >,
(4) if dn ≡ dm ≡ 2, ∏ q1∏ q2 ≡ 3 (mod 4), then the result are the same as one of
the case (3)′ because we may assume that K is equal to one of (3)′.
Proof. We may verify that the group of the norm residues {ν ∈ k ; ν ≡ NK/k(Γ)
(mod pr), Γ ∈ K, (ν, p) = 1} is given by Theorem 2.3 because we can give other parts
D(K/k), ϕ(pr) and α, directly.
In the cases (1) , (2) and (2)′, we can use ZK of Theorem 2.1 (2) and (3.1). By
making a permutation
(
d m n
m n d
)
in these cases, we have the following integral
basis of ZK ;
ZK = Z
[
1,
1 +
√
dn
2
,
√
dm,
√
mn +
√
dm
2
]
.
Put
A = x + y
1 +
√
dn
2
+ z
√
dm + w
√
mn +
√
dm
2
,
where, x, y, z and w are rational integers.
Then, we have NK/kA = a + bω, where a and b are rational integers with
a = x2 + cy2 −mnz
(
z +
w
2
)
− dmw
2
2
,
b = y2 + 2xy ∓mw
(
z +
w
2
)
,
where, double signs take positive if and only if d < 0 and n < 0.
(1) If dn ≡ 1, dm ≡ 3 (mod 4), and moreover
(i) if c ≡ 1 (mod 4), then we put x = y = z = 1, w = 0.
Then we obtain a ≡ b ≡ 3 (mod 4), and hence 3 + 3ω is a norm residue for molulo
p2. Thus ν is equal to a cyclic group < 3 + 3ω (mod p2) > .
(ii) If c ≡ 3 (mod 4), then we put x = y = 1, z = −2, w = 4.
11
Then we obtain a ≡ 0, b ≡ 3 (mod 4), and hence 3ω is a norm residue for modulo
p2. Thus ν is equal to a cyclic group < 3ω (mod p2) > .
(2) If dn ≡ 1 (mod 8), dm ≡ 2 (mod 4), then we put x = z = 1, y = w = 0. Then we
obtain b = 0, a = 1− dm. Thus ν is equal to a cyclic group < 1−mn (mod p3) > .
(2)′ If dn ≡ 5 (mod 8), dm ≡ 2 (mod 4), then first we put x = 1, y = z = 0, w = 4.
Then we obtain b ≡ 0, a ≡ 1 − 4mn ≡ −3 (mod 8). Thus −3 (mod p3) is a norm
residue. Next Put x = 0, y = 1, z = −1, w = 2. Then we obtain a = c− dm, b = 1.
Thus c− dm + ω (mod p3) is a norm residue. Therefore we have
ν =< −3, c− dm + ω (mod p3) > .
we have the following integral basis of ZK ;
ZK = Z
[
1,
√
dn,
√
dm,
√
dm +
√
mn
2
]
.
Put
A = x + y
√
dn + z
√
dm + w
√
dm +
√
mn
2
,
where, x, y, z and w are rational integers. Then we have NK/kA = a + b
√
dn,
where, a and b are rational integers with
a = x2 + dny2 − dmz(z + w)− 1
4
dn(d + n)mw2,
b = 2xy ∓ 1
2
mw(w + 2z).
Here, double signs take positive if and only if m < 0 and n < 0.
Put x = y = w = 1, then we obtain
a ≡ z(1 + z)− d + n
2
, b ≡ 2(1 + z)∓ 1 (mod 4).
From these relations with respect to z, we see that congruence equation
a ≡ 0 (mod 4), b ≡ 1 (mod 2) is solvable. On the other hand we have
√
dn
2 ≡ dn ≡ 3 (mod 4) and (α : ν) = 2.
Therefore
√
dn is a norm residue for modulo p4. Thus ν is equal to a cyclic group
<
√
dn (mod p4) > .
12
Finally we consider the case (3)′. We can use ZK of Theorem 2.1 (3.2). By making
a transposition (d n) in this case, we have the following integral basis of ZK ;
ZK = Z
[
1,
√
dm,
√
mn,
√
mn +
√
dn
2
]
.
A = x + y
√
dm + z
√
mn + w
√
mn +
√
dn
2
,
where, x, y, z and w are rational integers. Then we have NK/kA = a + b
√
dn,
where, a and b are rational integers with
a = x2 + dn
(
w2
2
)
− dmy2 −mn
(
z +
w
2
)2
,
b = xw ∓my(2z + w).
Here, double signs take positive if and only if d < 0 and n < 0.
Put x = 0, y = 1, z = −1, w = 2, then we obtain
b = 0, a ≡ dn − dm ≡ d(n − m) ≡ 1 (mod 2). Therefore 1 is a norm residue for
modulo 2, i.e., for modulo p2. Thus ν is equal to the unit group < 1 > . Therefore we
have proved Theorem 2.3 completely.
13
3. On a Problem of Hasse for Certain Imaginary
Abelian Fields
3.1. Introduction. Let K be an algebraic number field over the rationals Q. If the
ring ZK = Z[θ] of integers in K is generated by an integer θ over the ring Z of rational
integers, it is said that ZK has a power basis, ZK is monogenic or of monogenesis,
otherwise ZK is said to be non-monogenic or of non-monogenesis.
Let kn be an n-th cyclotomic field Q(ζn) over Q and k
+
n the maximal real subfield
of kn, where ζn be a primitive n-th root of unity. In [Gr1, Gr2] M.-N. Gras showed the
non-monogenesis of the ring ZK of integers in cyclic fields K over Q of prime degrees
` ≥ 5 except for K = k+2l+1, where 2` + 1 is a prime, and subsequently, she proved
that there exist only finitely many abelian extensions K over Q of degrees m ≥ 5,
(m, 6) = 1, whose ZK have a power basis using the prime decomposition of Gauß sum
by H. W. Leopoldt [Le].
In Theorem 3.1, we shall give a new family of infinitely many imaginary abelian
fields K of degrees m > 2 whose rings ZK are of non-monogenesis applying some
evaluation of the different of a number in K [Lemma 3.1]. In Theorem 3.2, we shall
characterize infinitely many imaginary abelian fields K of degrees m > 2 whose rings
ZK are of monogenesis using Lemma 3.2.
3.2. Non-Monogenic Phenomena For Abelian Extensions. The following
lemma is fundamental for us.
Lemma 3.1. Let f be the conductor of a cyclotomic field kf ,
∏
p p
e be its canonical
decomposition and σ be an element of the Galois group G of kf over Q which generates
the Galois subgroup of kpe over Q. Then for any integer R of kf , R − Rσ is divisible
by a prime element pip in kpe for pip = 1− ζpe.
Proof. Since pe and f/pe are prime to each other, there exist primitive roots ζpe
and ζf/pe such that ζf = ζpeζf/pe. Then ζf
σ = ζσpeζf/pe . Now a number R in Zkf is
14
presented by a form
∑
1≤j≤n ajζ
j
f with aj ∈ Z, where n is equal to the value of the
Euler function ϕ(f). Then R − Rσ = ∑1≤j≤n aj(ζ jpe − ζjσpe ) ζ jf/pe. Since ζjpe − ζjσpe is
divisible by pip for any % ∈ G, R −Rσ is divisible by pip.
Theorem 3.1. Let K be the composite field of an imaginary quadratic field Q(ω) and
a real abelian field L distinct from the rationals Q, whose conductors are prime to
each other.
(1) If Q(ω) 6= Q(i) with i2 = −1, then ZK is of non-monogenesis,
(2) If Q(ω) = Q(i), then for a sextic field K, ZK is of non-monogenesis except for
two fields of conductors 28 and 36.
Proof. Let τ be the generator of Galois group of Q(ω) over Q and H the Galois group
of L over Q. Let d(K) and d(ξ) be the field discriminant of K and the discriminant of
a number ξ in K, respectively. Then a ring ZK is of monogenesis if and only if there
exists a number ξ in K such that |d(ξ)| = |d(K)|. Now put H∗ = H \ {e}, where e is
the identity in H. Since the Galois group of K over Q is generated by τ and H, we
have
|d(ξ)| = |(NK
∏
σ∈H∗
(ξ − ξσ))(NK(ξ − ξτ))(NK
∏
σ∈H∗
(ξ − ξτσ))|
= |d(K)||NKα||NK
∏
σ∈H∗
(ξ − ξτσ))|
for some integer α in K. Therefore if ZK is of monogenesis, |NK
∏
σ∈H∗(ξ − ξτσ)| = 1
should be held. We assume that such ξ exists. Let
∏
p p
e be the canonical decom-
position of the conductor f of L. Then an f -th root ζf of unity can be written as∏
p ζpe for some p
e-th root ζpe of unity. Let A be the subgroup of the Galois group
Gf of kf over Q, which corresponds to the subfield L of kf . The group H is isomor-
phic to the factor group Gf/A. Denote the Galois group of kpe over Q by Ap with a
generator σp. Then we have a direct product decomposition
∏
p Ap of Gf . Every σp is
not contained in A, namely σp ∈ H∗. Because if the group A contains some σp, we
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have H ∼= Gf/A ∼= (Gf/ < σp >)/(A/ < σp >), where < % > for % ∈ G denotes the
subgroup of G generated by %. This contradicts to the conductor f of L.
First, we consider the case where Q(ω) has an odd conductor m. Then Q(ω) =
Q(
√−m) and {ω, ωτ} for ω = (−1 +√−m)/2 is an integral basis of ZQ(ω). Since we
can put ξ = ωR + ωτS for some R, S ∈ ZL by [La], it holds that for σ ∈ H∗,
(ξ − ξτσ) (ξτ − ξσ) = {ω(R− Sσ) + ωτ (S −Rσ)} {ω(S −Rσ) + ωτ (R− Sσ)}
= ωωτ
(
s2σ + t
2
σ
)
+
{
ω2 + (ωτ)2
}
sσtσ
=
1 + m
4
(
s2σ + t
2
σ
)− m− 1
2
sσtσ,
where sσ = R−Sσ, tσ = S−Rσ. If tσ = 0, then we have ξ− ξτσ = ω(R−Rσ2), which
is divisible by a prime factor pip of p in L by Lemma 3.1. Thus |d(ξ)| > |d(K)| holds.
If sσ = 0, we have the same conclusion. Next, assume sσtσ 6= 0. Then it follows that
1+m
4
(s2σ + t
2
σ)− m−12 sσtσ = |sσtσ|
{
1 + m
4
(∣∣∣∣sσtσ
∣∣∣∣+
∣∣∣∣ tσsσ
∣∣∣∣
)
∓ m− 1
2
}
≥ |sσtσ|
{
1 + m
2
∓ m− 1
2
}
≥ |sσtσ|,
where each equality holds if and only if sσ = tσ. Then we obtain |NL((ξ−ξτσ)(ξτ−ξσ))|
≥ |NLsσtσ|. If sσ 6= tσ, we have |NL((ξ − ξτσ)(ξτ − ξσ))| > 1, namely |d(ξ)| > |d(K)|.
If sσ = tσ, then we have ξ − ξτσ = (ω + ωτ )(R − Sσ) = −(R − Sσ) = −(S − Rσ)
= −1
2
{(R+S)−(R+S)σ} which contains a prime factor pip of p. Then |d(ξ)| > |d(K)|.
Secondly, we treat the case where Q(ω) has an even conductor m > 1. Then
Q(ω) = Q(
√−m) and {1, ω} for ω = √−m is an integral basis of ZQ(ω). Since
we can put ξ = R + ωS for some R, S ∈ ZL, it holds that ξ − ξτ = 2ωS. Then a
number S should be a unit of L. By ξ− ξτσ = R−Rσ +ω(S +Sσ), if S +Sσ = 0, then
ξ − ξτσ is divisible by a prime factor pip of p. Hence |d(ξ)| > |d(K)|. If S + Sσ 6= 0,
then (ξ − ξτσ)(ξτ − ξσ) ≥ m(S + Sσ)2. Thus we have
|NK(ξ − ξτσ)| ≥ |NLm(S + Sσ)2| ≥ m[L : Q] > 1.
Then |d(ξ)| > |d(K)|.
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Finally, we consider the case where Q(ω) coincides with the Gauß field Q(i) and L
is a cubic subfield of kf of an odd conductor f.
Then we have H = {e, σ, σ2}. For % ∈ H, it holds that
(ξ − ξτ%)(ξτ − ξ%) = (R −R%)2 + (S + S%)2.
If S + S% = 0, Then R−R% is divisible by a prime factor pip in L, where pe is a prime
power factor of f. Here we can consider a presentative % as an automorphism 6= e
of kpe over Q. Then we may assume S + S
% 6= 0. If R − R% 6= 0 for some % ∈ H,
then it holds that (R −R%)2 + (S + S%)2 ≥ 2|(R−R%)(S + S%)|. Then it follows that
|NK(ξ − ξτ%)| ≥ |NL2(R− R%)(S + S%)| ≥ 8. Next, let R − R% = 0 for any % ∈ H,
namely R ∈ Z. Then ξ − ξτ% = i(S + S%). Hence if a number ξ generates a power
basis of ZK , the number S + S
% should be a unit of L, that is
NL(S + S
%) = (S + S%)(S% + S%
2
)(S%
2
+ S) = ±1.
On the other hand, as the same evaluation as in the second case, NLS = SS
%S%
2
= ±1
holds. Put s1 = S + S
% + S%
2
, s2 = SS
% + S%S%
2
+ S%
2
S. Then it holds that
NL(S + S
%) = (s1 − S%2)(s1 − S)(s1 − S%)
= s31 − s21s1 + s1s2 ∓ 1 = s2s1 ∓ 1 = ±1.
Then we have two cases of (i) s1s2 = 0 or (ii) s1s2 = ±2.
(i) If s1 = 0, then a number S is a solution of x
3+s2x±1 = 0. Thus −d(S) = 4s32+27.
Since the field discriminant d(L) is equal to f2, we have (fa)2 = −4s32 − 27, namely
(4fa)2 = (−4s2)3 − 432. By the tranformation x = 12u+v , y = 36(u−v)u+v , the diophantine
equation y2 = x3 − 432 is birationally equivalent to the Fermat curve u3 + v3 = 1,
whose solutions are of (±36)2 = 123 − 432 [ST]. Then f = 32, s2 = −3. Thus the
solutions of the equation x3 − 3x + 1 = 0 are S = ζ9 + ζ−19 and its conjugates. If
s2 = 0, the numbers ±1/S are solutions of the same equation as in the case of s1 = 0.
Therefore the field L coincides with the maximal real subfield k+9 of conductor 3
2.
Then we obtain ZK = Z[iS] for S = ζ9 + ζ
−1
9 .
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(ii) If s1s2 = ±2, noting the signature of NL(S + Sσ) coincides with the product of
ones of s1 and s2, a number S is a solution of one of the following eight cases;
x3 − x2 + 2x− 1 = 0, d(S) = −23, x3 − x2 − 2x + 1 = 0, d(S) = 49,
x3 + x2 + 2x + 1 = 0, x3 + x2 − 2x− 1 = 0,
x3 − 2x2 + x− 1 = 0, x3 − 2x2 − x + 1 = 0,
x3 + 2x2 + x + 1 = 0, x3 + 2x2 − x− 1 = 0.
Each of latter six equations is obtained from one of the former two ones by a linear
fractional transformation. Since the discriminant d(S) of a number S in a cyclic cubic
field L must be square, we have a solution S = ζ7 + ζ
−1
7 of x
3 +x2− 2x− 1 = 0, which
generates the maximal real subfield k+7 of conductor 7. Then we obtain ZK = Z[iS].
Therefore we have proved the theorem.
Remark 3.1. In two cases of the maximal imaginary sextic subfields K of conductors
28 and 36 in k28 and k36, the proof of Theorem 3.1 (2) involves that there are generators
±iS,±i/S and their conjugates only for ZK except for the parallel transformations of
them by rational integers. For the cases of cyclotomic fields kp of the prime conductor
p, p ≤ 23, p 6= 17, L. Robertson completely determined the generators of Zkp in [Ro1].
Remark 3.2. Let p be an odd prime number greater than three, n = 3pm and kn
be an n-th cyclotomic field Q(ζn) over the rationals Q, where ζn be a primitive n-th
root of unity. Let K− be the imaginary subfield of kn with [kn : K−] = 2, which is
different to kn/3. Then it has been shown that the ring ZK− of integers has no power
basis [SN2].
By [Sh], it is given a necessary and sufficient condition ZK having a power basis
for a cyclic sextic field K of a prime conductor, and a problem and a conjecture are
proposed as follows;
Problem. Is there no cyclic sextic field K of a prime conductor p ≡ 1 (mod 6) whose
ring ZK of integers is monogenic except for the cyclotomic field k7 of conductor 7 and
the maximal real subfield of k13 of conductor 13?
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Conjecture. Let p be a prime number and put m = 3p (p 6= 3), 4p (p 6= 7) or
m 6= 36. Then there exists a subfield K of km with [K : Q] = 6 whose ring ZK of
integers does not have a power basis.
The conjecture above has been solved in general by Theorem 3.1.
3.3 Monogenic Phenomena for Abelian Extensions. Let K be the composite
field of Q(i) and any real subfield L distinct from Q of an odd conductor f > 1 of kf .
Assume that the ring ZK of integers in K has a power basis, that is |d(ξ)| = |d(K)|
for some ξ = R + iS ∈ ZK , where R, S ∈ ZL. Then we can see that R ∈ Z, and S,
S + S% are units of L for % ∈ H∗. We have ξ − ξ% = i(S − S%). Hence by assumption,
it holds that
|NK
∏
%∈H∗
(ξ − ξ%)| = |NL(S − S%)|2 = d(L)2.
Then ZL = Z[S], namely ZL has a power basis. Especially, if the extension degree
of the field L over Q is a prime ` ≥ 5, then by [Gr2], f should be a prime of 2l + 1,
namely L is the maximal real subfield k+f of kf .
Conversely, suppose that a field k+f is the maximal real subfield of kf of an odd
conductor f > 1 and let K be the composite field of Q(i) and k+f . Then it follows
that the maximal real subfield K+ of K coincides with k+f . Put ξ = iS for units
S = ζ + ζ−1, ζ = ζf in k+f . Let H be the Galois group of k
+
f over Q. Then we have
for an element σ ∈ H∗, ζσ 6= ζ±1. Thus it follows that
ξ − ξτσ = i(S + Sσ)
∼= ζ + ζ−1 + ζσ + (ζ−1)σ
= ζ(1 + ζσ−1) + ζ−σ(1 + ζσ−1)
= ζ−σ(1 + ζσ+1)(1 + ζσ−1),
where α ∼= β for α, β ∈ K means that (α) = (β) holds as ideals.
Lemma 3.2. Let g be an odd number > 1 and (a, g) = 1. Then for a primitive g-th
root ζ of unity, 1 + ζa is a unit in a cyclotomic field kg.
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Proof. Let Φg(X) =
∏
d|g
(Xd − 1)µ(g/d) be the cyclotomic polynomial of degree ϕ(g),
where ϕ(·) and µ(·) means the Euler function and the Mo¨bius one, respectively. Let∏
p p
e be the canonical decomposition of g. Then by
Φg(X) = Φg/pe(Y
p) ·Φg/pe(Y )−1, Y = Xpe−1 ,
we obtain Φg(−1) = 1, because of Φg/pe(−1) 6= 1. Then a number 1 + ζag is a unit in
kg for (a, g) = 1.
By Lemma 3.2, each of 1 + ζσ+1 and 1 + ζσ−1 is a unit in a cyclotomic field kg for
g|f and g > 2. Thus |NK
∏
σ∈H∗
i(S + Sσ)| = 1. Therefore ZK is of monogenesis. Then
we obtain the following theorem.
Theorem 3.2. Let K be the composite field of the Gauß field Q(i) and a real subfield
L of an odd conductor f > 1 of kf . Assume that the ring ZK of integers in K has a
power basis, then the ring ZL of integers in L has also a power basis. Conversely, let
L be the maximal real subfield of kf of an odd conductor f > 1 and K be the composite
field of Q(i) and L. Then the ring ZK of integers in K has a power basis.
As an application of Theorem 3.2 to [Gr2] we obtain
Corollary 3.1. Let ` be a prime number congruent to 7 modulo 30 and ` > 7. Then
there exist infinitely many abelian fields K of conductor 4` whose integer rings ZK
have no power basis.
Proof. Choose a proper subfield 6= Q of k+` as a field L in the above theorem and K
be the composite field of Q(i) and L. Then by Theorem 3.2 and [Gr2], the ring ZK
has no power basis.
Remark 3.3. On the former part of Theorem 3.2, by [Gr2] if the conductor f of L is
a prime such that f = 2` + 1, where ` is also a prime ≥ 5 and [L : Q] ≥ 5, then the
field L coincides with the maximal real subfield k+f .
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4. Power Integral Bases in Algebraic Number
Fields whose Galois Groups are 2-elementary
Abelian
4.1. Introduction. M.-N. Gras determined that any cyclic extension K/Q of prime
degree ` ≥ 5 is non-monogenic except for the maximal real subfield Q+(ζf) of an f -th
cyclotomic field Q(ζf), where f = 2`+1 is a prime and ζn is an n-th primitive root of
unity[G]. Further M.-N. Gras and F. Tanoe´ gave a necessary and sufficient condition
for monogenesis of biquadratic fields by using a diophantine equation of degree 4 [GT]
and a new family of infinitely many monogenic biquadratic fields was constructed by
the first author [M2].
Let Z be the ring of rational integers and let ZF be the ring of integers in an
algebraic number field F over the rationals Q. It is called that ZF has a power integral
basis or F is monogenic when ZF is generated by an integer θ as the ring Z[θ].
In this paper, we treat Hasse’s problem, that is, we will characterize whether a field
F is monogenic or not in some family of the 2-elementary abelian extensions.
Let F be a field over the rationals Q whose Galois group is 2-elementary abelian.
If [F : Q] ≥ 16, then F is non-monogenic, i.e., ZF has no power integral basis by
virtue of the decomposition theory of a prime number (Proposition 4.2). In the octic
case of [F : Q] = 8, by Proposition 4.3 it is enough for us to investigate the field
F = Q
(√
mn,
√
dn,
√
`
)
, where dmn and ` are square-free, mn ≡ 3, ` ≡ 1, d ≡ 2,
(mod 4), d > 0.
In this paper, we assume (dmn, `) = 1. Then we will claim that any real 2-
elementary abelian field has no power integral basis and a complex one has a power
integral basis only if it coincides with Q
(√−1,√−2,√−3) , namely the 24-th cyclo-
tomic field Q(ζ24).
4.2. General cases and preliminaries. We consider fields F whose Galois groups
are 2-elementary abelian. We will show that if [F : Q] ≥ 16, then F is non-monogenic.
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So it is enough for us to consider the case [F : Q] = 8 and we give a necessary condition
that F is monogenic (Proposition 4.3).
Proposition 4.1. Let a1, a2, · · · , ar be square-free rational integers and F be the
field Q
(√
a1, · · · ,√ar
)
of degree 2r, r ≥ 2. Then it is deduced that there exists at
most one i and j such that ai ≡ 3, aj ≡ 2 (mod 4), respectively.
Proof. By Q(
√
a1,
√
a2) = Q(
√
a1,
√
a1a2), this proposition follows.
Lemma 4.1 ([SN2]). Let ` be a prime number and let K/Q be Galois extension of
degree n = efg with the ramification index e and the relative degree f with respect to
`. If one of the following conditions is satisfied, then ZK has no power integral basis,
i.e., K is non-monogenic ;
(1) e`f < n if f = 1,
or
(2) e`f ≤ n + e− 1 if f ≥ 2.
Proposition 4.2. If r ≥ 4 for F = Q (√a1, · · · ,√ar) , then F is non-monogenic.
Proof. By Proposition 4.1, the ramification index with respect to the place 2 is at
most 4 in F/Q. Since the Galois group G = Gal(F/Q) is 2-elementary, the relative
degree f of the prime 2 is at most 2. Let ` be equal to 2 in Lemma 4.1. Then it
follows that e`f ≤ 22 · 21 < 2r if f = 1, and e`f ≤ 22 · 22 ≤ 2r + e − 1 if f = 2.
Therefore F is non-monogenic by Lemma 4.1.
Proposition 4.3. Let F = Q
(√
mn,
√
dn,
√
d1m1n1`
)
with an odd mn,
d > 0, d1|d, m1|m, n1|n, d1m1n1` ≡ 1 (mod 4) and dmn` is square-free. If F is
monogenic, then the ramification index e with respect to the place 2 is equal to 4,
i.e., we have mn ≡ 3, d ≡ 2 (mod 4).
22
Proof. Since the order f of the inert group is at most 2, if e is equal to 2, we have
e`f = 2 · 21 < 8 or e`f = 2 · 22 < 8 + 2− 1. Then F is non-monogenic by Lemma 4.1.
Remark 4.1. M.-N. Gras and F. Tanoe´ gave a necessary and sufficient condition
that the ring of integers in a biquadratic field K = Q(
√
mn,
√
dn) has a power basis,
i.e., K is monogenic as follows[GT];
(1) in the case dm ≡ dn ≡ 2, mn ≡ 1 (mod 4) or dm ≡ dn ≡ 3 (mod 4), and
m− n = 4d, the equation (u2− v2)2m− (u2 + v2)2n = ±4 has a solution {u, v} in
Z, or
(2) in the case dm ≡ dn ≡ 2, mn ≡ 3 (mod 4), and m − n = d, the equation
(u2 − v2)2m− (u2 + v2)2n = ±2 has a solution {u, v} in Z.
If K is monogenic, then a generator θ of ZK is geven by
θ = uv
1− δ + 2δ√mn
2
+ v2
√
dn + (u2 − v2)
√
dm +
√
dn
2
,
with δ = 0 or 1 and mn ≡ (−1)δ (mod 4).
The first author proved that there exists infinitely many real monogenic biquadratic
fields for any relatively prime fixed pair {u, v} with parameters d, m, n and gave
a method of construction of them [M2].
Therefore we restrict ourselves to consider the case of octic extension [F : Q] = 8.
Proposition 4.4. Let F = Q
(√
mn,
√
dn,
√
d1m1n1`
)
with d1|d, m1|m, n1|n,
mn ≡ 3, d1m1n1` ≡ 1, d ≡ 2 (mod 4), d > 0 and dmnl is square free. Then we
have D(F ) = 212(dmn`)4.
Proof. Let p be a ramified prime number in F. We evaluate the exponent r of any
prime divisor P of p in F of the field different d(F/Q). Fisrt we consider that P is
tamely ramified in F. Let p|p be the prime divisor in a suitable quadratic subfield k,
where a|b means that an ideal a is a divisor of an ideal b in a suitable field. Then
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we have (p) = p2 = P2 in F, hence r = e − 1 = 1 by [CF, p.92 Lemma 6]. Let
k = Q(
√
mn) and K = Q(
√
mn,
√
dn). Next let P be wildly ramified in F. Then we
have p = 2 and (2) = p2 in k, (2) = P4 in K and F, because the prime number 2
is unramified in F/K. We may assume the prime divisor P ∩ ZK in K is also prime
P in F. Then the p-part of the relative different d(k/Q) is equal to p2 and the p-one
of the relative different d(K/k) is p3 = P6 because of the ramification index of p
with respect to K/k is equal to 3. Then for the P-part Pr of the d(F/Q), we have
r = 0 + 6 + 2 because of d(F/Q) = d(F/K)d(K/k)d(k/Q). Thus we obtain
D(F ) = NF (d(F/Q)) =
∏
P|d(F/Q)
NF (P
r) =
∏
P|2
NF (P
8)
∏
P |6| 2
NF (P) = 2
16
(
dmn`
2
)4
.
Here NF (A) means the norm of an ideal A of F with respect to F/Q.
4.3. The case d1m1n1 = 1. From now on, we consider the case of d1m1n1 = 1 and
we assume that F is monogenic. Denote the Galois group
Gal(F/Q) =
〈
τ, ρ, σ;
√
dm
τ
= −√dm, √dn ρ = −√dn, √` σ = −√`
〉
by G.
Let ξ be a generator of a power integral basis of F . Then we have the identity,
(ξ − ξτ)(ξ − ξτ)ρ − (ξ − ξρ)(ξ − ξρ)τ − (ξ − ξτρ)(ξ − ξτρ)ρ = 0.
Let η1 = (ξ− ξτ )(ξ− ξτ )ρ. Then we show that the value of η1 is equal to 2mE1 with a
unit E1 of Q(
√
`). Since η1 is invariant by the subgroup < τ, ρ >, η1 is an integer in
Q(
√
`). For the biquadratic field K = Q(
√
dn,
√
`) fixed by the subgroup < τ > of G,
the relative different d(F/K) is defined by gcd
αZF
{α− ατ}. Since ξ is a generator of ZF ,
(η1) = d(F/K)d(F/K)
ρ holds as ideals in Q(
√
`). Since F = K(
√
mn) = K(
√
dm), it
follows that any prime divisor Q|m of F is tamely ramified in F and P|2 of F is wildly
done in F . Then we obtain d(F/K) = P2
∏
Q|m
Q, hence (η1) = P
4
∏
Q|m
Q2 = (2m) by
[CF]. Thus we have η1 = 2mE1 for a unit E1 of
√
`. Corresponding to the second
term η2 = (ξ − ξρ)(ξ − ξρ)τ and third η3 = (ξ − ξτρ)(ξ − ξτρ)ρ, since we have the
biquadratic fields Q(
√
dm,
√
`), Q(
√
mn,
√
`) respectively, it holds that η2 = 2n(−E2)
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and η3 = 2d(−E3), for units Ej of Q(
√
`) (j = 2, 3). Then we obtain the equation (4)
2mE1 + 2nE2 + 2dE3 = 0 in Q(
√
`).
In the same way, we have the following equations.
Proposition 4.5. If F = Q
(√
mn,
√
dn,
√
`
)
is monogenic, then the following
simultaneous equations hold ;
(1) `E11 + 2dE12 + E13 = 0 in Q(
√
mn),
(2) `E21 + E22 + 2mE23 = 0 in Q(
√
dn),
(3) `E31 + E32 + 2nE33 = 0 in Q(
√
dm),
(4) 2dE41 + 2mE42 + 2nE43 = 0 in Q(
√
`),
(5) 2dE51 + E52 + E53 = 0 in Q(
√
mn`),
(6) E61 + E62 + 2mE63 = 0 in Q(
√
dn`),
(7) E71 + E72 + 2nE73 = 0 in Q(
√
dm`),
where each of Eij is a suitable unit in the corresponding quadratic subfield of F ,
respectively.
Proposition 4.6 ([Ri]). Let ε = t + u
√
D = t +
√
Du2 be a unit of a real quadratic
field Q(
√
D), and εs = ts +us
√
Du2, t1 = t, u1 = 1. Then the following properties hold
;
(1) If g = (i, j), then (ui, uj) = ug,
(2) Put E = εk = T +
√
DU2, and Es = Ts + Us
√
DU2, T1 = T, U1 = 1, then we have
Us =
uks
uk
.
Proof. (2) Since U = uuk, we have E
s = εks = tks + uks
√
Du2 = tks +
uks
uk
√
DU2.
Thus Us =
uks
uk
.
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(1) Let i = gs, j = gt and (s, t) = 1. Put E = εg = tg + ug
√
Du2 = T +
√
DU2, and
Es = Ts + Us
√
DU2. Then, by (2) we have Us =
ugs
ug
, Ut =
ugt
ug
. Thus
(ui, uj) ≡ 0 (mod ug) holds. On the other hand, we have 0 < a, b ∈ Z such that
as − bt = 1. Then E1 = Eas−bt = (Es)a(E−t)b. Assume that there exixts a prime
factor q of (Us, Ut). Using E = T +
√
DU2 =
(
Tas + Uas
√
DU2
)(
Tbt + Ubt
√
DU2
)−1
= ±
{
(TasTbt − UasUbtDU2) + (−TasUbt + TbtUas)
√
DU2
}
,
and Uas ≡ 0 (mod Us), Ubt ≡ 0 (mod Ut) it holds that 1 ≡ −TasUbt + TbtUas ≡
0 (mod q), which is a contradiction.
In the case of a real quadratic field, the following is our key lemma.
Lemma 4.2. Let Ej be a power ε
j = tj + uj
√
Du2 of a unit ε = t +
√
Du2 > 1 in a
quadratic field Q(
√
D), and γ 6= I in Gal(Q(√D)/Q). Let
(8)
{
Eia + Ejb + Ekc = 0,
Eγi a + E
γ
j b + E
γ
k c = 0
for abc 6= 0.
Denote the matrix (
Ei Ej Ek
Eγi E
γ
j E
γ
k
)
attached to the equation (8) by A and the rank of A by rD. Then we have a solution
(a, b, c) of rational integers;
a± b± c = 0 for rD = 1,
a
±Us =
b
±Ut =
c
±Uu = 1 for rD = 2,
with Uv =
uvg
vg
, sg = j − k, tg = k − i, ug = i− j, (s, t, u) = 1, s + t + u = 0.
Proof. First we consider the case of rD = 1. Then we have
Ei
Eγi
=
Ej
Eγj
=
Ek
Eγk
.
By taking norm for each of the denominators, we obtain ±E2i = ±E2j = ±E2k . Since
each of Eh is a real number, we have Ei = ±Ej = ±Ek, hence a ± b ± c = 0.
Next assume that rD = 2. The intersection of two planes Eia + Ejb + Ekc = 0 and
Eγi a + E
γ
j b + E
γ
k c = 0 with the coordinates (a, b, c) is a line which is determined
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by a
EjE
γ
k
−EkEγj
= b
EkE
γ
i −EiEγk
= c
EiE
γ
j −EjEγi
. Then we obtain EjE
γ
k − EkEγj = usgαsg,
EkE
γ
i − EiEγk = utgαtg and EiEγj − EjEγi = uugαug with s + t + u = 0, where αvg =
±2
√
Du2 with N(Evg) = ±1. By Proposition 4.6 for k = g, we obtain ±a = usgug = Us,
±b = utg
ug
= Ut, ±c = uugug = Uu, with (a, b, c) = 1.
Theorem 4.1. Let F be an octic 2-elementary abelian extension Q
(√
mn,
√
dn,
√
`
)
,
where mn ≡ 3, ` ≡ 1, d ≡ 2 (mod 4), d > 0 and dmn` is square-free. Then a field F
is monogenic if and only if F = Q
(√−1,√−2,√−3) = Q(ζ24).
Proof. First, we consider the case that F is imaginary. Then any imaginary quadratic
subfields of F are given by one of the the follwing five cases under Proposition 4.5;
(i) ` < 0, m > 0, n > 0, (4) (5) (6) (7),
(ii) ` < 0, m > 0, n < 0, (1) (2) (4) (7),
(iii) ` < 0, m < 0, n < 0, (2) (3) (4) (5),
(iv) ` > 0, m > 0, n < 0, (1) (2) (5) (6),
(v) ` > 0, m < 0, n < 0, (2) (3) (6) (7).
If F contains Gauß field Q(
√−1) and E1a + E2b + E3c = 0 corresponds to one of
the equations in Proposition 4.5, we can obtain the relation a ± b ± c = 0, since
all the Ej are ±1 or ±i, because of abc 6= 0 for rational integers a, b, c. Since the
unit group is{±1} for any other imaginary quadratic field except for Q(√−1) and
Q(
√−3), we have a ± b ± c = 0. Assume that F contains Eisenstein field Q(√−3).
Thus ` = −3. Then for the case (i) or (iii), Q(√mn`) is imaginary. Then by (5), we
have 2d ± 1 ± 1 = 0. This does not occur because d ≥ 2. In the case (ii), by (2) we
have 3± 1± 2m = 0 for an odd m > 0, hence m = 1. By (7), we get 1± 1± 2n = 0
and n < 0, hence n = −1. By (1), we have −3 ± 2d ± 1 = 0, hence d = 2. Thus
F = Q
(√−1,√−2,√−3) . This field F coincides with the cyclotomic one Q(ζ24) of
conductor 24 and in fact ZF = Z[ζ24].
Next let F be an imaginary field which does not contain Eisenstein field Q(
√−3).
In the case (i) or (v), it holds that 1± 1± 2m = 0 by (6) and 1± 1± 2n = 0 by (7),
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hence m = n = ±1, which contradicts to mn ≡ 3 (mod 4). In the case (iii) or (iv), by
(5) 2d± 1± 1 = 0 holds, which contradicts to d ≥ 2.
For the case (ii), by (7) 1± 1± 2n = 0, hence n = −1 holds and Q(√dm) for (3) is
a real field. On the rank r3 of the matrix attached to the equation (3), if r3 = 1, then
by Lemma 4.2, ` ± 1 ± 2n = 0, hence ` = −3, which contradicts to the assumption.
Then r3 = 2. In the sequel, Proposition 4.6 is available for the quadratic fields of
even discriminant corresponding to the cases (3), (5), (6), (7). By the equation (3) in
Q(
√
dm) we have
`
±Us =
1
−U−t =
−2
U−u
= 1 with s− t− u = 0, s, t, u > 0.
Then Uu = 2Ut. So Uu ≥ Ut+1 = UtT1 + U1Tt ≥ 2Ut = Uu. Thus we have s = 3, t =
1, u = 2, T1 = U1 = 1. Namely, by T
2
1 − dmU21 = ±1, dm = 2, i.e., the fundamental
unit ε in Q(
√
2) is 1 +
√
2. Then we have the Pell sequence {Us} = {1, 2, 5, · · · } with
the recursive formula Us+2 = 2Us+1 +Us for any index s. Then we have ` = −U3 = −5
since ` < 0. But this does not occur, because ` ≡ 1 (mod 4). Therefore we obtain
F = Q(ζ24) only, if F is imaginary.
Finally, we consider the case that F is real. On the rank r7 of the equation (7), if
r7 = 1, then we have 1± 1± 2n = 0, n = 1. Further on the rank r3 of the equation
(3), if r3 = 1, we have `± 1± 2 = 0, hence ` = 3, which contradicts to ` ≡ 1 (mod 4).
Then r3 = 2. Thus in the same way as above, we have dm = 2, hence m = n = 1,
which contradicts to mn ≡ 3 (mod 4). Therefore r7 = 2. Similarly, on the rank r6 of
the equation (6), we have r6 = 2. Further on the rank r5 of the equation (5), r5 = 2,
otherwise 2d± 1± 1 = 0, which contradicts to d ≥ 2. By (7), since r7 = 2, we have
1
−U−s =
1
−U−t =
2n
Uu
= 1 with − s− t + u = 0, s, t, u > 0.
Then s = t, u = 2s. By Lemma 4.2, we may put s = t = 1, u = 2 and U1 = 1,
U2 = 2T1U1 = 2n, hence T1 = n in Q(
√
dm`). Similarly we obtain T ′1 = m in Q(
√
dn`)
by (6) and T ′′1 = d in Q(
√
mn`) by (5). Since the field discriminants of the above
three quadratic subfields of F are even, we have for integers U(j)
n2 − dm`U2 = ±1, m2 − dn`U ′2 = ±1, d2 −mn`U ′′2 = ±1.
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Thus it follows that;
(dmn)2 = (dm`U2 ± 1)(dn`U ′2 ± 1)(mn`U ′′2 ± 1)
≥ (dm`− 1)(dn`− 1)(mn`− 1)
> (dm)(dn)(mn)
= (dmn)2.
This is a contradiction. Then if F is real, F is non-monogenic. Therefore we have
completely proved Theorem.
In general, for the case of d1m1n1 6= 1, we propose the following:
Problem. Let F/Q be an octic Galois extension whose Galois group is 2-elementary
abelian. Then, if F is monogenic, does F coincide with the field Q(ζ24) ?
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